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ABSTRACT
A number of giant planet pairs discovered by the radial velocity method with period ratios . 2 may
reside in mean motion resonances. Convergent orbital migration and resonant capture at the time of
formation would naturally explain the present-day resonant orbital configurations of these systems.
Planets that experience smooth migration and eccentricity damping forces due to a proto-planetary
disk should not only capture into mean motion resonances but also end up in a specific dynamical
configuration within the resonance, sometimes referred to as apsidal corotation resonance (ACR). Here
we develop a method for testing the hypothesis that a planet pair resides in an ACR by directly fitting
radial velocity data. The ACR hypothesis strongly restricts the number of free parameters describing
the radial velocity signal and we compare fits using this highly restricted model to fits using a more
conventional two-planet RV model by using nested sampling simulations. We apply our method to HD
45364 and HD 33844, two systems hosting giant planet pairs in 3:2 and 5:3 resonances, respectively.
We demonstrate that the observations of both systems support an ACR configuration and we use the
results of our ACR model fits to constrain possible migration histories of these systems.
1. INTRODUCTION
The potential for planets to experience large-scale mi-
gration due to interactions with their proto-planetary
disk has been understood for decades (Goldreich &
Tremaine 1980; Lin & Papaloizou 1986). However, due
to the theoretical uncertainties and numerical difficul-
ties associated with simulating realistic proto-planetary
disks, rates and even the directions of planet migration
remain uncertain and planet-disk interactions have re-
mained an active area of research (Kley & Nelson 2012;
Baruteau et al. 2014). It is well known that conver-
gent orbital migration generally causes migrating plan-
ets to capture into mean motion resonances (MMRs;
e.g., Goldreich 1965) and, despite the theoretical uncer-
tainties, disk-induced migration is expected to produce
resonant orbital configurations in at least some plane-
tary systems during their formation. Exoplanetary sys-
tems hosting planet pairs in MMRs are generally inter-
preted as the by-products of orbital migration since such
resonant configurations are unlikely to arise by chance.
Systems with resonant orbital configurations are there-
fore ideal targets for better understanding the role of
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planet-disk interactions in shaping the architectures of
planetary systems.
The discovery of two giant planets in a 2:1 MMR
around GJ 876 (Marcy et al. 2001) provided the first
observed example of an exoplanetary system in reso-
nance around a main sequence star.1 Subsequent stud-
ies showed that the configuration of this resonant sys-
tem could be reproduced by convergent migration in a
disk (Snellgrove et al. 2001; Lee & Peale 2002). There
have since been numerous examples of RV-discovered
planetary systems hosting closely-spaced pairs of mas-
sive planets with period-ratios . 2 that are in or sus-
pected to be in MMR (e.g. Mayor et al. 2004; Lee et al.
2006; Tinney et al. 2006; Correia et al. 2009; Giguere
et al. 2015; Johnson et al. 2011a,b; Niedzielski et al.
2009; Wright et al. 2011; Robertson et al. 2012; Witten-
myer et al. 2014, 2016; Luque et al. 2019; Trifonov et al.
2019).
Most previous studies have concluded that specific
systems occupy resonant configurations by conducting
post-fitting analyses. This has usually involved fitting
radial velocity data using an MCMC approach, then
1 The pulsar planets orbiting PSR 1257+12 can claim the si-
multaneous distinctions of being the first exoplanetary system dis-
covered (Wolszczan & Frail 1992) and the first (near-)resonant
exoplanetary system discovered (Malhotra et al. 1992).
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initializing N -body integrations with initial conditions
drawn from their MCMC posterior samples, and finally
analyzing the behavior of resonant angles in these N -
body integrations. The goal of this paper is to develop
a different approach to analyzing the evidence for MMRs
among RV planets: we ask whether the observed radial
velocity signals of a given planet pair can be adequately
explained by a model that presumes the system resides
in a resonant configuration reached by smooth migration
and eccentricity damping. More precisely, we assess the
evidence for whether a given system resides in a particu-
lar dynamical MMR configuration referred to as an ‘ap-
sidal co-rotation resonance’ or ACR (the libration of the
relative position of the periastra is referred to as apsidal
co-rotation). ACRs are the natural outcome of resonant
capture under the influence of migration and eccentricity
damping forces that planets are expected to experience
in a disk. The benefit of this approach is that it allows
us to use radial velocity observations as a direct test of
a precisely-formulated, falsifiable hypothesis rather than
simply interpreting possibly-resonant configurations as
circumstantial evidence of past migration. Planet pairs
that are consistent with an ACR configuration support
the hypothesis that the system was shaped by planet-
disk interactions. Moreover, the specifics of the dynam-
ical state of such systems can be used to constrain the
migration and eccentricity damping caused by those in-
teractions. Conversely, resonant planet pairs exhibiting
RVs inconsistent with an ACR configuration would de-
mand an explanation for their current configuration be-
yond simple capture by smooth migration such as forc-
ing by turbulent fluctuations of the proto-planetary disk
(Adams et al. 2008) or gravitational interactions with
additional planets.
Baluev (2008) and Baluev & Beaug (2014) have pre-
viously adopted the approach of fitting RV signals while
constraining resonant planets to reside in an ACR con-
figuration. We expand upon their methods by incorpo-
rating an ACR model into Bayesian inference and model
comparison frameworks using MCMC and nested sam-
pling simulations. We also use fits with these models to
constrain planet disk interactions and infer the migra-
tion histories of the systems. Delisle et al. (2015) pre-
viously attempted to constrain-disk planet interactions
in systems hosting resonant giant planets, though they
used previously-reported orbital solutions rather than
re-fitting RVs assuming an ACR configuration.
Our paper is structured as follows: Section 2 reviews
the dynamics of resonant capture and ACRs. In Sec-
tion 3, we present our method for Bayesian model com-
parison and show that the two systems we consider are
consistent with an ACR configuration. We discuss our
results in Section 4 including inferences about the possi-
ble migration histories of the systems and the prospects
for better determining the resonant state of the planets
with future observations. Finally, Section 5 summarizes
our conclusions.
2. THE DYNAMICS OF RESONANCE CAPTURE
The capture of migrating planets into MMR is a well-
studied problem (e.g. Goldreich 1965; Yoder 1973; Hen-
rard & Lamaitre 1983; Peale 1986; Murray & Dermott
1999). Migrating planets will capture into an MMR
when the net effect of their migration drives them to-
wards one another, provided the migration is sufficiently
slow and the planets’ eccentricities are small at the time
they encounter the resonance. Upon capture into res-
onance, the planets’ period ratio remains fixed at the
resonant period ratio while their eccentricities grow.
The planets’ eccentricities will continue to grow until
they escape the resonance or, if the planets are also
subject to eccentricity damping, the resonance forcing
is counterbalanced by the eccentricity damping forces.
Figure 1 shows illustrative N -body simulations of this
process for a selection of different planet mass ratios.
The N -body integrations were carried out with the
rebound (Rein & Liu 2012) code using the IAS15 inte-
grator (Rein & Spiegel 2015) with the precision param-
eter set to its default value, b = 10
−9. Eccentricity-
damping and migration forces were included using the
modify orbits direct routine of the reboundx package
(Tamayo et al. 2020). All subsequent N -body integra-
tions presented in this paper are carried out in the same
manner unless explicitly stated otherwise.
In the examples shown in Figure 1, the dissipative
forces quickly drive the system towards an equilibrium
configuration where the planets’ period ratio and eccen-
tricities remain fixed while the planet pair continues to
migrate together in lock step. The particular equilib-
rium configuration reached by a migrating planet pair
can be predicted by examining the equations of motion
governing the resonant dynamics of the system. We give
a brief overview of these equations here; a complete de-
scription is given in Appendix A.
To study the dynamics of a j:j−k resonance, we adopt
a Hamiltonian formulation of the equations of motion in
terms of canonical coordinates σi = (1+s)λ2−sλ1−$i,
where s = (j − k)/k, and their conjugate momenta
Ii ∼ e2i .2 We use a numerical averaging procedure de-
2 Strictly speaking, our equations describe the dynamical evolu-
tion of the planets’ mean elements. These differ from the planets’
osculating elements by a small amount, of order (m1+m2)/M∗. In
Appendix A we distinguish between mean and osculating elements
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scribed in Appendix A to compute the resonant Hamil-
tonian and its derivatives, and consequently, the validity
of our study is not limited to small eccentricities (unlike
studies that employ truncated series expansions to ap-
proximate the Hamiltonian). For compactness, we write
the dynamical variables of our Hamiltonian system as
a vector z ≡ (σ1, σ2, I1, I2). The governing Hamilto-
nian, H¯(z;D), depends on the planet-star mass ratios,
mi/M∗, as well as a parameter, D, the normalized an-
gular momentum deficit (AMD), which is approximately
given by
D ≈ β1
√
α
e21
2
+ β2
e22
2
− kβ2β1
√
α
3 (jβ1
√
α+ (j − k)β2)∆ (1)
where βi = mi/(m1+m2), α = a1/a2, and ∆ =
j−k
j
P2
P1
−
1. For planets deep in resonance such that ∆ ≈ 0, D
can be interpreted as a mass-weighted measure of the
planets’ eccentricities. D is conserved by the resonant
dynamics in the absence of dissipation.
We also consider dissipative forces with a simple pa-
rameterized model that imposes migration and eccen-
tricity damping as
d ln ei
dt
=− 1
τe,i
d ln ai
dt
=−
(
1
τm,i
+
2pe2i
τe,i
)
≡ − 1
τa,i(ei)
, (2)
where p is a parameter that couples eccentricity damp-
ing to the semi-major axis damping, with p = 1 cor-
responding to eccentricity damping at constant angular
momentum (e..g, Goldreich & Schlichting 2014; Deck &
Batygin 2015).
The equations of motion governing the dynamics of
the resonance are
z˙= Ω · ∇zH¯(z;D) + fdis(z,D)
D˙= fdis,D(z,D) (3)
where
Ω =
(
0 I2
−I2 0
)
fdis(z,D) =−
2∑
i=1
(
1
τe,i
∂z
∂ ln ei
+
1
τa,i
∂z
∂ ln ai
)
fdis,D(z,D) =−
2∑
i=1
(
1
τe,i
∂D
∂ ln ei
+
1
τa,i
∂D
∂ ln ai
)
.
and derive the transformation between the two sets of orbital el-
ements. For simplicity, we will ignore the distinction in the main
text.
The equilibrium configuration for a given set of planet
masses and dissipation timescales can be determined by
finding stationary solutions to Equation (3). Provided
the dissipation timescales are long compared to the char-
acteristic timescales of the resonant dynamics, the equi-
librium configuration will be close to a fixed point of the
dissipation-free resonant dynamics, i.e., a point satisfy-
ing ∇zH¯(z;D) = 0. These fixed-point configurations of
the resonant dynamics have been the subject of numer-
ous studies (e.g., Lee & Peale 2002; Haghighipour et al.
2003; Beauge´ et al. 2003; Michtchenko et al. 2006; An-
toniadou & Voyatzis 2014) and are frequently referred
to as apsidal co-rotation resonances (ACRs). ACRs are
characterized by zero libration amplitude of the pair’s
resonant angles and anti-alignment of planets’ apsidal
lines.3 For fixed planet masses, ACR configurations of a
given MMR form a one-parameter family of orbital con-
figurations that can be parameterized by, D, the nor-
malized AMD (Delisle et al. 2015).
Figure 1 shows the equilibrium eccentricities for the
ACR configuration of the 3:2 MMR for three different
planet masses in panel (g). Upon encountering the reso-
nance, the migrating planet pairs’ period ratios become
locked at the resonant value and their AMD increases,
with their eccentricities following along the family of
ACR configurations as shown in Figure 1. The planets’
continue to follow these ACR tracks until they reach an
equilibrium set by a balance between the strengths of
the forcing causing migration and eccentricity damping
so that D˙ = 0. Locations of these equilibria for different
ratios of the migration timescale4, τα = (τ
−1
m,2−τ−1m,1)−1,
to the eccentricity-damping timescales, τe,i, evaluated
at different planet mass ratios, are illustrated in Fig-
ure 1 by the series of black points indicating equilib-
rium configurations for different ratios of τα/τe,1 with
τe,2 = (m1/m2)τe,1.
Depending on the planets’ mass ratio and the details
of the eccentricity damping mechanisms, the equilibrium
configuration reached by the planets may not be stable:
upon reaching the equilibrium, the resonant libration
amplitude can actually grow (Meyer & Wisdom 2008;
Goldreich & Schlichting 2014; Delisle et al. 2015; Deck
& Batygin 2015; Xu & Lai 2017; Xu et al. 2018). This
growth continues until the the planets escape the res-
3 Some ACR configurations, such as those of N :1 MMRs, can
exhibit aligned apsidal lines or even asymmetric configurations.
4 Resonant dynamics depend only on a planet pair’s semi-major
axis ratio and not the absolute scale of the planets’ semi-major
axes, which merely determines the timescale of the evolution.
Therefore, the ACR equilibrium reached by a planet pair depends
on the planets’ individual migration timescales τm,i only through
the combination τα.
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Figure 1. Panels (a)–(f) show N -body migration simulations for pairs of planets with m1 +m2 = 5× 10−4M∗ and different
mass ratios. The simulations are initialized with coplanar planets on initially circular orbits with P2 = 1.1× 32P1 and random
initial orbital phases. Dissipative forces are included according to Equation (2) with τe,1 =
m2
m1
τe,2 = 3 × 103P1, τm,2 = 3τe,1,
τm,1 =∞, and p = 0. Panels (a)–(c) show the period ratios and panels (d)–(f) show the eccentricities of the planets. In panels
(d)–(f) the eccentricity of the outer planet is shown as a dashed curve while the eccentricity of the inner planet is shown as a
solid curve. Equilibrium values of the eccentricities predicted with our semi-analytic equations of motion are plotted as thin
horizontal lines. In panel (g) colored curves show inner and outer planet eccentricities along families of ACR configurations of the
3:2 MMR for the different planet mass ratios used in the simulations shown in panels (a)–(f). Black points indicate dissipative
equilibria for different ratios of τα/τe,1 with τe,2 = (m1/m2)τe,1. Results of N -body migration simulation with τα/τe,1 = 3 are
shown as circles. See text for additional details.
onance or the system reaches a limit cycle and their
resonant librations saturate at a finite value. The sta-
bility of a particular equilibrium configuration can be
determined by computing the Jacobian matrix,
J =
(
Ω · ∇2zH +∇zfdis ∂∂D
[
Ω · ∇zH¯ + fdis
]T
∇zfD,dis ∂fD,dis∂D
)
, (4)
of Equations (3). The stability of the equilibrium is then
determined by the eigenvalues of J . At an equilibrium
near an ACR configuration, J will have two eigenval-
ues of the form ±iωj + ρj with |ρj | ∼ 1/τα. If either
ρj > 0, then the equilibrium is an unstable spiral and
any small displacement from equilibrium will amplify
on a timescale 1/ρj . In this paper, we will determine
the stability of equilibrium configurations by numeri-
cal eigenvalue determination after evaluating the Jaco-
bian in Equation (4) by means of automatic differentia-
tion. We refer the reader to previous studies for approx-
imate analytic equilibrium stability criteria (Goldreich
& Schlichting 2014; Delisle et al. 2015; Deck & Batygin
2015; Xu & Lai 2017; Xu et al. 2018).
3. RADIAL VELOCITY FITTING
Resonant planet pairs that owe their dynamical config-
uration to smooth convergent migration in their proto-
planetary disk should reside in or very near an ACR
configuration. In Section 3.1 we describe an RV fitting
method for testing the hypothesis that a given set of RVs
are produced by a system residing in an ACR configura-
tion. We then apply this method in in Section 3.2 to two
RV systems hosting pairs of giant planets, HD 45364 (
3.2.1) and HD 33844 ( 3.2.2). We show that these sys-
tems’ RVs are consistent with ACR configurations and
that ACR configurations are formally preferred in both
cases.
3.1. Methods
Our first goal is to develop a method to evaluate
whether a planetary system’s RV observations can be
explained by a pair of planets in an ACR configuration.
In order to do so, we adopt a Bayesian model compari-
son framework (e.g., Gregory 2005). Given a set of ob-
servational data D and a model Mi for how that data
depends on a set of model parameters θ, Bayes theorem
states
p(θ|D,Mi) = p(D|θ,Mi)p(θ|Mi)
p(D|Mi) .
In standard Bayesian parlance, p(θ|D,Mi) is referred to
as the posterior, p(D|θ,Mi) as the likelihood, p(θ|Mi)
as the prior, and p(D|M) as the evidence. Parameter
inference methods such as MCMC compute or approxi-
mate the posterior distribution, p(θ|D,Mi), which rep-
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resents ones beliefs about the underlying system param-
eters, conditioned on the observation. In model compar-
ison problems, one is instead interested in determining
evidences, p(D|Mi), for two or more competing models.
Two modelsMi andMj can be compared by computing
their Bayes factor, p(D|Mi)/p(D|Mj), the ratio of the
two models’ posterior probabilities in light of the data,
under the assumption that the two theories are equally
likely to be true a priori.
We sample posteriors and compute evidences for two
classes of models for each planet pair’s RV data. The
first model class is a conventional N -body model that
computes the RV signal by integrating the equations of
motion governing the planetary system. The N -body
model’s parameters include the planets’ masses mi and
orbital parameters at a reference epoch, chosen to be the
median time of the RV observations. We parameterize
the planets’ orbits in terms of their orbital periods Pi,
mean anomalies Mi, eccentricities ei, and arguments of
periapse ωi. Our model’s prior probabilities are uniform
in the planets’ orbital parameters and log-uniform in
the planets’ masses.5 In addition to planets’ orbital pa-
rameters, the model includes an RV zero-point, γk, and
instrumental jitter term, σk, for each set of RV observa-
tions. We adopt uniform priors for the zero-points, γk,
and log-uniform priors for the jitter terms, σk. Parame-
ters in the N -body model that lead to close encounters
within 3 planet Hill radii or less during the integration
are automatically rejected. For simplicity, we fix the
host star mass to the reported best-fit value from the
literature and assume the planets’ orbits are co-planar
with an inclination of 90 deg i.e., the system is observed
edge-on. We will refer to this model as the ‘full’ model
since it allows for the full range of possible two-planet
planar configurations.
The second model class presumes that the RV data
are the product of a pair of planets residing in an ACR
configuration. This model is similar to the RV model
developed by Baluev (2008). Restricting planets to an
ACR configuration reduces the degrees of freedom of
the model. We parameterize an ACR model for a given
j:j−k resonance in terms of the inner planet’s RV semi-
amplitude, K1, period P1, time of transit, Tc,1, and ar-
5 We take the usual strategy of sampling in variables
√
ei cosωi
and
√
ei sinωi in our MCMC fitting to improve convergence be-
havior. The nested sampling algorithm that we use requires vari-
able be normalizable, so, in addition to restricting ei ∈ [0, 1) and
restricting anglular variables to lie between 0 and 2pi, we restrict
the range of our priors in the variables Pi and mi: priors on Pi
are uniform within ±25% of values determined by a maximum
likelihood fit and priors on mi are log-uniform within a factor of
1/5 and 5 times the maximum likelihood fit values.
gument of periapse, ω1, along with m2/m1, the mass
ratio of outer planet relative to the inner, and a param-
eter, s, described below that sets the normalized AMD
of the planet pair. Our ACR models also include the
same instrumental parameters, γk and σk, used in the
full model. The parameter s ∈ [0, 1] sets the angular
momentum deficit of a planet pair to be D = s2 Dmax
where Dmax is the angular momentum deficit at the
point where all the ACR tracks for different planet mass
ratios intersect at a global maximum of the averaged
disturbing function (see Michtchenko et al. 2006).6 In
our ACR model MCMC fits, we sample in the variables√
s cosω1 and
√
s sinω1 rather than s and ω1. The or-
bital period of the outer planet’s RV signal is set to
P2 =
j
j−kP1, and the semi-amplitude of the outer planet
is given by
K2 =
m2
m1
(
j − k
j
)1/3 √
1− e21√
1− e22
K1 .
The argument of periapse of the outer planet is set to
ω2 = ω1 + pi. The ACR model includes, in addition
to the continuous parameters just described, a discreet
degree of freedom that fixes the relative orbital phases
of the planet pair. Specifically, with the resonant angle
σ1 fixed at its equilibrium value σ1 = 0 (when k is odd)
or σ1 = pi/k (when k is even), the orbital phase of the
outer planet is related to the orbital phase of the inner
planet by
M2 =
(
1− k
j
)
M1 +
1− j + k
j
pi + n
2pi
j
(5)
for n = 0, 1, ...j − 1. We handle this discreet degree
of freedom by running multiple nested sampling fits,
each with n fixed to one of the j possible values. Of
these j distinct fits, the model with the largest computed
Bayesian evidence is selected as the ACR model to be
compared to the full model. Likelihoods for both models
are computed in the standard way from a χ2 value that
includes jitter terms added in quadrature to the reported
measurement uncertainties. We use the radvel (Fulton
et al. 2018) code, modified to include our N -body and
ACR models, to forward-model radial velocities, evalu-
ate model likelihoods, and run MCMC simulations. We
use the nested sampling code dynesty (Speagle 2020) to
estimate the Bayesian evidence of each model. Specif-
ically, we use the dynesty.NestedSampler class with
default settings. For the ACR model, RV signals are
6 While ACR tracks generally extend to angular momentum
deficits greater than Dmax, we find that, in practice, the poste-
rior density of the systems we fit is already negligible at smaller
eccentricities.
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synthesized as the sum of two planets’ Keplerian RV
signals rather than by means of N -body simulation. We
discuss the validity of this approximation in Appendix
B where we demonstrate that it has negligible impact
over the timescales spanned by the observations we fit.
3.2. Results
In this section we fit and compare our N -body and
ACR models to two systems hosting potentially resonant
giant planet pairs.
3.2.1. HD 45364
The first system we fit is HD 45364, a system of
two planets in a 3:2 MMR orbiting a K0 star of mass
M∗ = 0.82 M originally discovered by Correia et al.
(2009). The best-fitting solution reported by Correia
et al. (2009) displays large resonant angle libration am-
plitudes and secular eccentricity variations and is there-
fore not in an ACR configuration. A number of subse-
quent studies have further explored the dynamics and
possible formation histories of the HD 45364 system.
Rein et al. (2010) perform a suite of hydrodynamical
simulations of planet-disk interactions in order to ex-
plore potential migration histories leading to present-
day orbital configuration of HD 45364 system. Their
simulations produce systems with orbital parameters
significantly different from the Correia et al. (2009) best-
fit solution but with RV signals that fit the observa-
tions with approximately equal statistical significance.
Correa-Otto et al. (2013) show that the dynamical con-
figurations similar to those found by both Correia et al.
(2009) and Rein et al. (2010) can be obtained through
simple parameterized migration simulations with expo-
nential migration and eccentricity damping forces. As
expected, the planets in the simulations of Correa-Otto
et al. (2013) are driven into ACR configurations. While
Correa-Otto et al. (2013) note that the ACR configura-
tions’ lack of libration amplitude is at odds with the or-
bital solutions reported by Correia et al. (2009) and Rein
et al. (2010), they do not attempt to determine whether
the RVs of HD 45364 can be adequately fit with plan-
ets in a zero libration amplitude configuration. Delisle
et al. (2015) also analyze the HD 45364 system in order
to constrain properties of the system’s migration during
formation, similar to Section 4.2 below. However, their
constraints are derived under the assumption that the
system possesses the non-zero libration amplitude mea-
sured by Correia et al. (2009) and they do not explore
the possibility that the system may in fact reside in an
ACR configuration.
Figure 2 summarizes our fit results for HD 45364. The
ACR model is formally preferred by our nested sampling
simulations, with a log-Bayes factor of ∼ 8. The right-
most panel of Figure 2 shows that the posterior distribu-
tion of the N -body model planet eccentricities are con-
centrated quite close to the ACR values. We integrate
1500 initial conditions randomly selected from the full
model MCMC posterior sample for 100 orbits of planet
b in order to determine the resonant angle libration am-
plitudes and average period ratios plotted in the middle
panels of Figure 2. Resonant angle libration amplitudes
were recorded by determining the maximum deviations
of angles θb = 3λc − 2λb −$b and θc = 3λc − 2λb −$c
from their respective equilibrium values of 0 and pi over
the course of the integration. Cumulative distributions
of libration amplitudes are plotted in the center-right
panel of Figure 2. While the majority of initial condi-
tions show resonant libration for both angles with am-
plitudes . pi/2, neither cumulative distribution reaches
1 due to a small fraction of simulations in which one or
both resonant angles circulate. The moderate to large
libration amplitudes inferred when fitting the full model
may initially appear to be at odds with the preference for
the zero libration-amplitude ACR model inferred from
the Bayesian evidence calculations. This apparent con-
tradiction suggests that the inference of large libration
amplitudes in the full model is principally driven by the
larger phase-space volume occupied by these configu-
rations and not by any significant improvement in fit
derived from large libration amplitude solutions. This
example serves to illustrate that the influence of priors
must be carefully considered when deriving conclusions
about the dynamics of planetary systems from RV fits.
3.2.2. HD 33844
The second system we fit, HD 33844, consists of two
giant planets orbiting in or near a 5:3 MMR and was
originally reported by Wittenmyer et al. (2016). We
adopt the stellar mass of M∗ = 1.84 M for HD 33844
based on the best-fit value reported by Stassun et al.
(2017). Combining RV fits with longer-term N -body
simulations to rule out RV solutions leading to dynam-
ical instabilities on timescales less than 100 Myr, Wit-
tenmyer et al. (2016) find that many of the stable orbital
configurations in the neighborhood of their best-fit so-
lution reside in the 5:3 MMR.7
Figure 3 summarize our fit results for HD 33844. Our
inferred planet masses and orbital parameters are in
good agreement with values reported by Wittenmyer
7 Wittenmyer et al. (2016) find that the angle 5λc−3λb−ωb+ωc
alternates between libration and circulation in their simulations.
This combination, however, is not a dynamically meaningful reso-
nant angle as it is not invariant under rotational transformations
of the coordinate system.
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γHARPS − 16, 500 [m/s] -35.02 -34.17 -33.24 -34.74 -33.87 -32.94
σHARPS [m/s] 1.62 1.97 2.42 1.48 1.84 2.29
Figure 2. Summary of fit results for HD 45364.
Top: Comparison of full-model fits against 3:2 ACR model fits for HD 45364. For all plots, N -body model results are plotted in
black, while the ACR model results are plotted in red. The leftmost panel shows the radial velocity solutions derived from both
models, using shaded regions to illustrate the 1, 2, and 3σ distributions for each. The bottom of the panel shows the normalized
residuals of each model, i.e., the model residuals divided by the model errorbars including the allowance for jitter. Points and
error bars indicate median and 1σ range of the normalized residuals. The middle-left panel shows the distribution of average
period ratios derived from both models. The middle-right panel shows the cumulative distribution of resonant angle libration
amplitudes measured via N -body integrations. The right-most panel shows the eccentricity posteriors for the two planets. The
dashed orange lines in the right-hand plot indicate the ACR tracks that encompass the full range of the planet mass ratios in
the ACR model posterior sample.
Bottom: Table giving log-evidences from nested sampling simulations and percentiles of parameters’ marginalized posterior
distributions from MCMC.
et al. (2016). The full and ACR models provide sim-
ilar quality fits to the data and, due to its lower di-
mensionality, the ACR model is formally preferred with
a log-Bayes factor of ∼ 7 based on the results of our
nested sampling simulations.
In order to more clearly interpret the resonant state
of RV solutions inferred with the full model, we turn to
the analytic resonance model of Hadden (2019). While
the full dynamics of a 5:3 MMR are captured by a
two degree-of-freedom system with two resonant an-
gles, σ1 and σ2 defined in Section 2, Hadden (2019)
shows that, to an excellent approximation, the dynam-
ics of the MMR only depend a single resonant angle
θres = 5λc−3λb−2z where z ≈ arg(ecei$c−ebei$b). To
determine the resonant behavior of RV solutions fit with
the full model, we again integrate 1500 initial conditions
randomly selected from the MCMC posterior sample for
100 orbits of planet b and record angle libration ampli-
tudes as the maximum deviation of the angle θres from
its equilibrium value, pi. (ACR solutions have periodic
variations in θres on the synodic timescale about the
equilibrium of the averaged system with an amplitude
of approximately ∼ 0.1pi.) Approximately 50% of these
initial conditions show librating behavior, and the cu-
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σAAT [m/s] 4.20 5.75 8.16 3.69 5.36 7.95
σKeck [m/s] 6.37 7.81 9.86 6.25 7.80 10.09
Figure 3. Summary of fit results for HD 33844.
Top: Comparison of full-model fits against 5:3 ACR model fits for HD 33844. For all plots, N -body model results are plotted in
black, while the ACR model results are plotted in red. The leftmost panel shows the radial velocity solutions derived from both
models, using shaded regions to illustrate the 1, 2, and 3σ distributions for each. The bottom of the panel shows the normalized
residuals of each model, i.e., the model residuals divided by the model errorbars including the allowance for jitter. Points and
error bars indicate median and 1σ range of the normalized residuals. The middle-left panel shows the distribution of average
period ratios derived from both models. The middle-right panel shows the cumulative distribution of resonant angle libration
amplitudes measured via N -body integrations. The right-most panel shows the eccentricity posteriors for the two planets. The
dashed orange lines in the right-hand plot indicate the ACR tracks that encompass the full range of the planet mass ratios in
the posterior sample.
Bottom: Table giving log-evidences from nested sampling and the percentiles of parameters’ marginalized posterior distributions
from MCMC.
mulative distribution of their libration amplitudes are
recorded in the middle-right panel of Figure 3. The
right-most panel shows that the N -body model prefers
a larger eccentricity for planet b when the system is not
restricted to lie inside the ACR.
4. DISCUSSION
4.1. Dynamical stability
So far, we have not considered the long-term stabil-
ity of planets’ orbital configurations in our fits. The
high planet masses and close spacings of the HD 45364
and HD 33844 systems place them near the boundary of
dynamical instability. This dynamical fragility can be
leveraged to derive tighter constraints on the planets’
masses and orbital properties by rejecting any orbital
configurations that rapidly go unstable (rejection sam-
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Figure 4. Stability maps in the vicinity of the 3:2 ACR of HD 45364 (left) and the 5:3 ACR of HD 33844 (right), respectively.
Planet masses are set to their median values from the ACR model MCMC. Planets are initialized with λ2 = λ1 and all osculating
orbital elements are set to their ACR values except that their period ratios are displaced from the equilibrium value. Planets’
osculating elements in the ACR configuration are computed using the transformation from mean to osculating elements described
in Appendix A.2. Each panel shows results from a grid of simulations run for 3000 orbits of the outer planet. Black indicates
regular trajectories, white indicates chaotic trajectories, and red indicates trajectories that experienced a close encounter during
the simulation. Regular and chaotic trajectories are identified based on the MEGNO chaos indicator (Cincotta et al. 2003) and
we use a grayscale stretching from MEGNO values of 1.9 to 5 in order to color regular and chaotic points. Stability simulations
are run using the WHFast integrator (Rein & Tamayo 2015) with timesteps set to 1/30 of the periapse passage timescale of the
inner planet, Tperi = 2pi/f˙max, where f˙max is the time derivative of the true anomaly at pericenter (Wisdom 2015).
pling based on long-term stability is common practice
in the literature: e.g., Wittenmyer et al. 2016). Since
we are primarily concerned with evaluating whether sys-
tems’ RVs can be explained by planets in an ACR config-
uration rather than deriving precise orbital constraints,
we will not apply this rejection sampling procedure here.
Instead, we explore the dynamical stability in the vicin-
ity of ACR configurations by means of the dynamical
maps shown in Figure 4. The maps in Figure 4 indicate
dynamical stability results for a grid of short N -body
integrations. In each integration, planets are initialized
with masses equal to the median planet masses derived
from our MCMC fits and orbital elements corresponding
to an ACR equilibrium, except that we vary the plan-
ets’ period ratio away from the equilibrium value. We
explore a range of planet eccentricities by running in-
tegrations over a grid of normalized AMD values up to
the value Dmax described in Section 3.1.
From Figure 4, we see that, in the case of HD 45364,
the 3:2 ACR provides a large island of stability in a
phase space that is otherwise unstable except for a small
pocket of stability just wide of the resonance at low ec-
centricity. This is in agreement with the original analysis
of Correia et al. (2009). The structure of the 5:3 ACR
in the HD 33844 system, on the other hand is some-
what more complicated. The ACR shows two separate
islands of stability separated by a thin chaotic region
near D ≈ 0.1 along with a small pocket of stability wide
of the resonance at low eccentricity.
Irrespective of whether or not the HD 45364 and HD
33844 systems are truly in ACR configurations we can
conclude that they most likely reside in resonance since
the local phase space outside of these resonances is al-
most entirely chaotic and unstable. The stability maps
shown in Figure 4 highlight how knowledge of ACR
structure allows much more efficient identification of
stable parameter space than a brute-force grid search
of the high-dimensional parameter space of planets’ or-
bital elements when fitting RVs. It is well-known that
mean motion resonances can provide phase-protection
from close encounters that would otherwise destabilize
strongly interacting planets. Because ACR configura-
tions are elliptic equilibria of the averaged dynamical
system describing planets’ resonant motion they should
be the most dynamically stable resonant configurations
possible: the degree of non-linearity in the neighbor-
hood of an elliptic equilibrium, and thus the potential for
chaos and dynamical instability, increases with distance
from the equilibrium (Giorgilli et al. 1989). Therefore,
the vicinity of ACR configurations provide good starting
points for any search for dynamically stable orbital con-
figurations when modeling strongly interacting planet
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pairs. In their analysis of the HD 82943 system, Baluev
& Beaug (2014) previously noted the utility of enforcing
ACR configurations to ensure dynamical stability when
fitting RV data. Conversely, if no stable ACR configu-
ration exists for given set of planet masses, then stable
orbital configurations likely do not exist in the nearby
phase space.
4.2. Inferring Migration History
Because the relative strength of migration and eccen-
tricity damping forces determine the ACR equilibrium
configuration that a pair of planets reach after capture
into resonance, we can interpret our ACR fit results as
constraints on the relative strength of these forces dur-
ing the planetary systems’ formation. Assuming that
planet pairs were subject to migration and eccentric-
ity damping forces for a time period sufficiently long to
reach dynamical equilibrium, a given ACR equilibrium
configuration corresponds directly to a ratio of migra-
tion timescale to eccentricity damping timescale. This
is illustrated in Figure 5. The figure shows the pos-
terior distributions of each planet pair’s eccentricities
from our MCMC fits with ACR models. In different
colored lines, we plot the loci of equilibria along these
ACR tracks for different values of τα/τe where we define
τ−1e ≡ τ−1e,1 + τ−1e,2 and assume that m2τe,2 = m1τe,2 so
that the strength of eccentricity damping experienced
by a planet is proportional to its mass. This simple
prescription approximately matches the expected scal-
ing of eccentricity damping experienced due to Type I
migration (Kley & Nelson 2012) or dynamical friction
from interactions with planetesimals (Ida 1990). For
each system, Figure 5 also shows the distribution of
τα/τe values inferred by mapping our posterior samples
of mass ratios and eccentricities to values of τα/τe. For
HD 45364 we infer τα/τe = 8
+8
−3 and for HD 33844 we
find τα/τe = 20
+65
−12.
One of the puzzling features of the HD 45364 and HD
33844 systems is that they both lie interior to the 2:1
MMR. In standard core accretion theories of planet for-
mation, massive planets like those in these systems are
expected to form farther apart than the 2:1 MMR (Ar-
mitage 2007, and references therein). If the resonances
in these systems were established through convergent
migration then, during formation, the planets should
have first encountered and been captured into the 2:1
MMR. One possibility is that their migration was suffi-
ciently rapid to avoid capture in the 2:1 MMR. This is
the scenario considered, for example, in the simulations
of Rein et al. (2010) to explain the orbital configura-
tion of HD 45364. Another possibility is that capture in
the 2:1 MMR was rendered temporary in both systems
because the ACR configuration was an unstable spiral
in the presence of dissipative forces. We explore this
possibility further in Figure 5 and Figure 6.
Figure 5 illustrates the stability of ACR equilibria as a
function of τα/τe for the current resonance occupied by
each system as well as the 2:1 MMR (plus the 5:3 MMR
for HD 45364 system), which the planets would have tra-
versed on their way to their current MMR configuration.
The curves are computed as follows: first, we determine
the equilibrium configuration for a given τα/τe using the
resonance equations of motion, taking p = 1 in Equa-
tion (2) describing the dissipative forces experienced by
the planets. Next, we compute the Jacobian of the equa-
tions of motion at this equilibrium. The stability is then
determined based on the real parts of the eigenvalues of
the Jacobian as described in Section 2. The plot shows
the maximum real eigenvalue component in units of τ−1α ,
which we have taken to be τα = 3×105P2. (We confirm
that, for sufficiently large τα, growth rates simply scale
with τ−1α .) For HD 45364, the 2:1 ACR equilibrium is
unstable for 6 < τα/τe < 211. This range encompasses
65% of the posterior points plotted in the top right panel
of Figure 5. For HD 33844, instability occurs at the 2:1
MMR for 3.6 < τα/τe < 67, encompassing 81% of the
posterior.
In Figure 6, we perform similar calculations, but we
now relax our assumption of τe,1/τe,2 = m2/m1 and
instead explore a range of relative eccentricity damp-
ing strengths. We examine credible regions of τa/τe in-
ferred from our ACR model fit posterior as a function
of τe,1/τe,2. The figure also shows the regions for which
different combinations of τe,1/τe,2 and τα/τe drive the
system to an ACR configuration that is made unstable
by the dissipative forces.
While the elliptic point of the ACR configuration may
be rendered unstable by dissipative forces, the ultimate
outcome of the instability can lead to either passage
through the resonance or a limit cycle within the res-
onance. In order for the planets of the HD 45364 and
HD 33844 systems to have escaped permanent capture in
a 2:1 MMR, instabilities must have led to escape rather
than a limit cycle. Using an integrable approximation
for the dynamics of a first order MMR, Deck & Batygin
(2015) derive an approximate criterion to determining
whether instability is expected to result in escape or
a limit cycle. Their criterion can be stated in terms
of a critical value of D = Dbif where the Hamiltonian
H¯(z,D) exhibits a bifurcation and goes from having one
elliptic fixed point to having two elliptic fixed points and
one unstable fixed point. If D > Dbif then the unstable
librations grow until the system eventually escapes res-
onance while, for D < Dbif the librations saturate at a
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Figure 5. Inferring the relative strength of migration and eccentricity damping, τα/τe, during resonant capture for HD 45364
(left) and HD 33844 (right) from our ACR model fits. For each system, the left panel shows the posterior distribution of planet
eccentricities from the ACR model MCMC fit with the loci of equilibrium configurations for different values of τα/τe plotted in
different colors. The upper right panels show the posterior distribution of τα/τe values inferred by converting the eccentricity
values shown in the left panels to τα/τe values. The bottom right panel shows the stability/instability growth rates, in units of
τ−1α , as a function of τα/τe for the current resonance occupied by each system as well as the 2:1 MMR and, for HD 45364, the
5:3 MMR. Positive values correspond to instability (the ACR becomes an unstable spiral in the presence of dissipation) while
negative values correspond to stability (the ACR becomes a stable spiral in the presence of dissipation).
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Figure 6. Stability of ACR equilibria as a function of τα/τe and τe,1/τe,2 for the HD 45364 and HD 33844 systems. Eccentricity
and semi-major axis damping evolve planets toward an ACR equilibrium that may be stable or unstable, depending on the
relative eccentricity damping strengths experienced by the inner and outer planet. Regions where these equilibria are unstable
are indicated by different colors for different resonances. Parameter combinations that reach a limit cycle in the 2:1 MMR
rather than passing through the resonance are also indicated. Gray bands show the 1σ inferred ranges of τα/τe as a function of
τe,1/τe,2 based on our ACR model MCMC fit. The vertical dashed line indicates τe,1/τe,2 = m2/m1, the eccentricity damping
relationship presumed in Figure 5. Colored circles indicate the parameters used in the N -body simulations plotted in Figures 7
and 8. For both HD 45364 and HD 33844, there exist regions of parameter space that would have both led to their escape from
the 2:1 MMR while also allowing for subsequent stable capture into their current resonant configurations.
12 Hadden & Payne
finite value when the system reaches a limit cycle. To
compute Dbif for the 2:1 MMR, we use an integrable
approximation for the resonant dynamics similar to the
one employed by Deck & Batygin (2015) implemented in
the CELMECH package. Damping parameter combinations
expected to lead to a limit cycle in the 2:1 MMR, where
the equilibrium configuration is unstable but D < Dbif,
are indicated by pink shading in Figure 6.
Figures 7 and 8 show example encounters with the 2:1
MMR for HD 45364 and HD 33844, respectively, at fixed
τα/τe and for a range of τe,1/τe,2 values that are indi-
cated by the colored points in Figure 6. The simulations
in Figures 7 and 8 use the symplectic WHFast integra-
tor, instead of the IAS15 integrator, with timesteps set
to 1/100 of the initial orbital period of the inner planet.
We choose the planets’ individual migration timescales
such that τα = 3 × 105P2 and m1a1,0τm,1 + m2a2,0τm,2 = 0.
The latter condition ensures that the time derivative of
the systems’ energy is approximately zero and minimizes
any inward drift of the system to ensure that dynamics
remain well-resolved by the simulations’ fixed timesteps.
Trajectories are colored according to the predicted sta-
bility of their 2:1 ACR equilibrium: pink trajectories are
stable while green trajectories are unstable.
For HD 45364, shown in Figure 7, the unstable simula-
tions grow in libration amplitude and eventually escape
from the resonance. The unstable simulations for HD
33844, shown in Figure 8, exhibit more complicated be-
havior. Upon reaching the unstable ACR equilibrium,
they initially grow in libration amplitude. Three of the
simulations go on to escape from the resonance, just as
in the unstable HD 45364 simulations. The other un-
stable simulations, however, reach a limit cycle. This
behavior is consistent with the predictions of Figure 6,
where many of the simulations lie in lighter-shaded re-
gion of parameters leading to an unstable 2:1 MMR but
with D < Dbif.
For HD 33844, Figure 6 shows that there is a signifi-
cant region of parameter space which is both consistent
with our ACR model fit and for which the 2:1 ACR
configuration is unstable but the 5:3 ACR configuration
remains stable. HD 33844 b and c could therefore have
readily evaded permanent capture in the 2:1 MMR and
continued migrating toward the 5:3 MMR where they
were ultimately permanently captured. There is also a
region of parameter space for HD 45364 that is consis-
tent with our ACR model fit and for which the 2:1 ACR
configuration is unstable but the 3:2 ACR configuration
remains stable. HD 45364 b and c could therefore also
have escaped the 2:1 MMR and continued migrating to-
ward the 3:2 MMR. However, in order to migrate into
the 3:2 MMR, the system would also have traversed the
second-order 5:3 MMR. There is a narrow region of pa-
rameter space in Figure 6 that lead to unstable ACR
equilibria in both the 2:1 and 5:3 MMRs but a stable
3:2 ACR equilibrium. However, such parameters are
not generic and a scenario in which the planet pair es-
caped both the 2:1 and 5:3 MMRs through instability
but reached a stable equilibrium in the 3:2 MMR ap-
pears to suffer from a fine tuning problem. Alternatively,
HD 45364 b and c could have reached the 3:2 MMR if
their migration rate was sufficiently fast to avoid cap-
ture into the 5:3 MMR. This would require a migration
rate sufficiently fast to avoid the 5:3 MMR but not too
fast so as to avoid the 3:2 MMR. This is possible pro-
vided
(
m1+m2
M∗
)−2
. τα/P .
(
m1+m2
M∗
)−4/3
(Xu & Lai
2017).
How do our inferences about the migration histories
of HD 45364 and HD 33844 compare to theoretical pre-
dictions? For planets experiencing Type I migration,
the relative strength of eccentricity and migration rates,
τα/τe, are expected to be & 100 (e.g., Baruteau et al.
2014), significantly larger than the values we infer in
Figures 5 and 6. This is especially true for HD 45364,
where our constraints are the most precise. We note
that Delisle et al. (2015) examined HD 45364 and found
that τe,1/τe,2 & 6 and τe/τα ∼ 10 based the reported or-
bital solution of (Correia et al. 2009); in agreement with
our results. However, the planets in both systems are
sufficiently massive that they are expected to have open
gaps in their proto-planetary disk so the predictions of
Type I migration are probably not applicable (e.g., Kley
& Nelson 2012).
Hydrodynamical simulations of the migration of mas-
sive, resonant planet pairs in a gas disk have been stud-
ied by a number of authors (Kley 2000; Bryden et al.
2000; Snellgrove et al. 2001; Papaloizou 2003; Kley et al.
2004; Sa´ndor et al. 2007; Crida et al. 2008; Rein et al.
2010; Andre´ & Papaloizou 2016). Kley et al. (2004) infer
an effective τα/τe of approximately ∼ 1 to 10 from their
simulations of two giant planets in a disk by compar-
ing the results of their hydrodynamic simulations with
simple damped N -body simulations. This result is in
good agreement with the values inferred from our ACR
fits for both systems. Crida et al. (2008) and Morbidelli
& Crida (2007) note the importance of an inner disk to
provide eccentricity damping for the innermost planet.
Figure 6 shows that both systems would have required
the eccentricity damping experienced by the inner planet
to be comparable in magnitude to the damping experi-
enced by the outer planet if they were to have escaped
the 2:1 MMR due to instability and yet reached a stable
equilibrium in their present-day resonances.
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While we have sketched plausible migration histories
for the HD 45364 and HD 33844 systems that can ex-
plain how they might evade capture in a 2:1 MMR and
reach their current configurations, we cannot rule out
other scenarios. For example, the planets may have had
significantly different masses at the time they encoun-
tered the 2:1 MMR, and only have grown to their current
masses after becoming trapped in the resonances they
currently occupy. Additionally, our treatment of eccen-
tricity damping and migration is likely over-simplified.
In Equation (2), we parameterized the dependence of
planets’ semi-major axis evolution under disk forces by
including the parameter ‘p’ which describes the degree
to which eccentricity-damping forces conserve angular
momentum (p = 1 corresponds to eccentricity damping
at constant angular momentum). As Xu et al. (2018)
note, for Type I migration, this treatment is only valid
when eccentricities are less than the local disk aspect
ratio, e  H/r, where H is the disk scale height and
r the orbital radius. Xu et al. (2018) find that using
a more realistic treatment of migration and eccentric-
ity damping forces in the Type I regime generally leads
to larger equilibrium eccentricities and more stable cap-
ture when compared to the approximate treatment we
employ in Equation (2). For giant planets that open a
common gap (the regime likely occupied by the planets
we have considered here) the dependence of migration
and eccentricity damping forces on planet eccentricities
is less well studied, though hydrodynamical simulations
by Crida et al. (2008) suggest a potentially complicated
dependence. Ultimately, a comparative study of a larger
sample of resonant systems both in and interior to the
2:1 MMR, in conjunction with theoretical investigations
of planet-disk interactions in systems of resonant gap-
opening planet pairs, could shed further light on why
some systems become captured in the 2:1 MMR while
others manage to capture into closer resonances.
4.3. Improving Constraints with Follow-up
Observations
In Section 3.2, we showed that the RV signals of both
HD 45364 and HD 33844 were consistent with the hy-
pothesis that the systems reside in ACR configurations.
In each case, our nested sampling simulations yielded
model evidences that prefer ACR configurations for both
systems. However, in both cases the preference for the
ACR models is somewhat marginal. Here we briefly ex-
plore the prospects for follow-up observations to further
bolster the evidence for ACR configurations in these sys-
tems or detect deviations from the predictions of the
ACR models. In Figure 9, we show the predicted RV
signals of HD 45364 and HD 33844 from 15 April 2020
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Figure 7. Example outcomes of 2:1 MMR encounter for
HD 45364 for different values of τe,1/τe,2 indicated by the col-
ored points plotted in Figure 6. Planet b and c are initialized
with a period ratio of 2.2 on circular orbits and migrate with
τα = 3 × 105P2 and τe = 1/(τ−1e,1 + τ−1e,2 ) = 8.13τα. The
upper panel shows the planets’ period ratio as a function of
time measured in units of τα and the bottom panel shows the
evolution of the planets’ eccentricities. Results of each sim-
ulation are colored according to the instability growth rate
computed using the resonance equations of motion described
in Section 2. Green colors correspond to unstable parame-
ters and escape from the resonance after capture while pink
simulations are stable and remain in the resonance.
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Figure 8. Example outcomes of 2:1 MMR encounter for
HD 33844 for different values of τe,1/τe,2 indicated by the col-
ored points plotted in Figure 6. Planet b and c are initialized
with a period ratio of 2.2 on circular orbits and migrate with
τα = 3× 105P2 and τe = 1/(τ−1e,1 + τ−1e,2 ) = 31τα. The upper
panel shows the planets’ period ratio as a function of time
measured in units of τα and the bottom panels show the
evolution of each planet’s eccentricity. Results of each sim-
ulation are colored according to the instability growth rate
computed using the resonance equations of motion described
in Section 2. Green colors correspond to unstable parame-
ters while pink simulations are stable. Some of the unsta-
ble simulations pass through the resonance whereas others
reach a limit cycle with large libration amplitude inside the
2:1 MMR.
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to 15 April 2025. The figures compare the predicted
RV signals projected using both the full and ACR mod-
els. In order to identify the most opportune times for
follow-up observations, we seek to identify times where
the models’ posterior predictive distributions of RV val-
ues are most distinct. This is achieved by comparing the
distribution of the predicted RV of a system at a given
time using a two-sample Kolmogorov-Smirnov (KS) test
(Kolmogorov 1933; Smirnov 1948). In the bottom panels
of Figure 9 we plot the negative logarithm of the p-values
returned by these KS tests as a function of time. Small
p values indicate that the distributions predicted by the
two are highly unlikely to be derived from the same un-
derlying distribution and provide a heuristic measure of
the future epochs at which additional observations could
most effectively distinguish between the two models.
5. SUMMARY AND CONCLUSIONS
In this paper we developed a radial velocity fitting
method that allows us to fit the RVs of a pair of plan-
ets under the assumption that the pair resides in an
ACR configuration. This approach to RV fitting has a
number of benefits. First, it allows one to test the hy-
pothesis that the present-day dynamical configuration
arose from resonant capture during smooth migration
by comparing fits with the ACR model to conventional
RV fits. Second, it allows for the efficient identification
of stable orbital configurations in strongly-interacting
systems. Finally, for systems consistent with an ACR
configuration, the eccentricities of the planets can used
to infer constraints on the system’s migration history.
We applied this model to two systems hosting pairs of
resonant giant planets, HD 45364 and HD 33844. We
summarize our key conclusions:
1. ACR configurations were preferred over an unre-
stricted N -body model for both HD 45364 and HD
33844 systems. This lends support to the hypoth-
esis that the resonances in these systems were es-
tablished via smooth migration.
2. Based on the present-day dynamical configura-
tions of these systems, we used our ACR fits to
measure the relative strengths of migration and
eccentricity damping at the time these systems
formed. In both cases, we found that the data
are best explained by an eccentricity damping
timescale approximately ∼ 10 times shorter than
the migration timescale.
3. We showed that both systems could have avoided
permanent capture in the 2:1 MMR during mi-
gration due to an instability mechanism while
reaching stable equilibria in their present-day res-
onances. This can explain how these planets
reached their present-day resonances without the
need to invoke rapid migration in order to explain
how they avoided permanent capture during ear-
lier encounters with the 2:1 MMR.
We envision the application of the methods developed
in this paper to the wider sample of resonant and near-
resonant RV systems, allowing for a comprehensive com-
parative study, as a promising future direction for better
understanding the role of migration in shaping the ar-
chitectures of exoplanetary systems. We provide python
code for computing and fitting our ACR model online at
github.com/shadden/ResonantPlanetPairsRVModeling.
Software: exoplanet (Foreman-Mackey et al. 2019),
dynesty (Speagle 2020), radvel (Fulton et al. 2018),
REBOUND (Rein & Liu 2012), REBOUNDx (Tamayo et al.
2020),Theano (Theano Development Team 2016)
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APPENDIX
A. EQUATIONS OF MOTION
A.1. Construction of Hamiltonian
In this Appendix we derive the equations of motion governing the dynamics of a j:j− k resonance between a pair of
co-planar planets of mass m1 and m2 orbiting a star of mass m0. We begin by considering the conservative evolution
of the system in Jacobi coordinates using modified canonical Delauney variables (e.g., Morbidelli 2002). The canonical
momenta are given by
Λi = m˜i
√
GM˜iai
Γi = m˜i
√
GM˜iai(1−
√
1− e2i )
where G is the gravitational constant, m˜i =
ηi−1
ηi
mi, M˜i =
ηi
ηi−1
m0, and ηi =
∑i
j=0mi. The angle variables conjugate
to Λi and Γi are are, respectively, the planets’ mean longitudes, λi, and γi = −$i where $i are the planets’ longitudes
of periapse. The Hamiltonian is given by
H(λi, γi; Λi,Γi) = −
2∑
i=1
G2M˜2i m˜
3
i
2Λ2i
−Gm1m2
(
1
|r1 − r2| −
r1 · r2
|r2|3
)
(A1)
where the position vectors ri are functions of the canonical variables and we omit terms that are second order and
higher in the planet-star mass ratios.
To derive equations of motion governing the dynamics of a j:j − k resonance, we follow Michtchenko et al. (2006)
and transform to new canonical angle variables
σ1
σ2
Q
l
 =

−s 1 + s 1 0
−s 1 + s 0 1
−1/k 1/k 0 0
1
2
1
2 0 0
 ·

λ1
λ2
γ1
γ2
 (A2)
where s = (j − k)/k, along with new conjugate momenta defined implicitly in terms of the old momentum variables
as
Γi= Ii
Λ1 =
L
2
− P/k − s(I1 + I2)
Λ2 =
L
2
+ P/k + (1 + s)(I1 + I2) . (A3)
The full Hamiltonian is independent of the new angle l = (λ1 + λ2)/2 and its corresponding canonical momentum,
L = Λ1 − Γ1 + Λ2 − Γ2 ,
is the total angular momentum, which is conserved due to the rotational symmetry of the system.
To derive equations of motion governing the resonant dynamics we perform a near-identity canonical transformation
(σi, Ii, Q, P ) → (σ¯i, I¯i, Q¯, P¯ ) such that, to leading order in the planet-star mass ratio, the new Hamiltonian is given
by
H¯(σ¯i, I¯i;L, P¯ ) =
1
2pi
∫ 2pi
0
HdQ , (A4)
i.e., the new Hamiltonian is the old Hamiltonian averaged over the “fast” variable Q. We construct this transformation
explicitly below in Section A.2 so that we may transform the osculating elements of a pair of planets to the variables
of our Hamiltonian model and vice versa.
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The averaging procedure yields
P¯ /k =
Λ¯2 − Λ¯1
2
−
(
s+
1
2
)
(Γ¯1 + Γ¯2)
as a constant of motion. In order to gain a better physical intuition for the meaning of the conserved quantity,
P¯ , it is instructive to express its value in terms of the value of the planets’ eccentricities and distance to nominal
resonance, j−kj
P2
P1
− 1 ≡ ∆. This can be accomplished as follows: fist, define the reference semi-major axes a2,0 and
a1,0 =
(
M˜1
M˜2
)1/3 (
j−k
j
)2/3
a2,0 corresponding to the nominal location of resonance, such that L = Λ1,0 + Λ2,0 where
Λi,0 = m˜i
√
GM˜iai,0 for i = 1, 2. Conservation of P¯ and L imply that Λ¯2 − Λ2,0 = − s+1s (Λ¯1 − Λ1,0). Defining
δΛi = Λi − Λi,0, we can write
∆ ≈ 3
(
δΛ2
Λ2,0
− δΛ1
Λ1,0
)
= 3δΛ2
(
(s+ 1)Λ1,0 + sΛ2,0
(s+ 1)Λ2,0Λ1,0
)
.
We define the ‘normalized angular momentum deficit’ as
D=
1
2 (Λ2,0 − Λ1,0)− P¯ /k
(s+ 1/2)(m˜1 + m˜2)
√
Gm0a2,0
. (A5)
Rewriting Equation (A5) in terms of orbital elements gives
D ≈ β1√α0
(
1−
√
1− e21
)
+ β2
(
1−
√
1− e22
)
− β2β1
√
α0∆
3
(
β1
√
α0(s+ 1) + β2s
)
where βi =
m˜i
m˜1+m˜2
√
M˜i
m0
and α0 = a1,0/a2,0. For small eccentricities and ∆ ≈ 0, we have that D ≈ β1√αie21/2+β2e22/2.
In order to implement the equations of motion given in Equation (3) governing resonant dynamics we evaluate the
integral in Equation (A4) and its derivative with respect to canonical variables by numerical quadrature using a Gauss-
Legendre quadrature rule. We use the exoplanet (Foreman-Mackey et al. 2019) package’s Kepler solver algorithm to
compute the planets’ ~ri as functions of canonical variables to evaluate the integrand of Equation (A4). Derivatives
of H¯ are then computed using the Theano (Theano Development Team 2016) package’s automatic differentiation
capabilities.
A.2. Transformation from mean to osculating elements
The orbital elements appearing in the canonical variables of the equations of motion governing planets’ resonant
dynamics represent ‘mean’ elements. These mean elements differ from the planets’ osculating elements, which exhibit
additional high-frequency variations on the timescale of the planets’ synodic period. This is because the Hamiltonian
system governing the resonant dynamics is derived from a phase-space reduction of the full 3-body problem via
near-identity canonical transformation that eliminates the degree of freedom associated with the canonical coordinate
Q = (λ2 − λ1)/k. The ACR equilibrium configurations of the resonant Hamiltonian correspond to periodic orbits of
the full 3-body problem that are 2pi-periodic in Q. In order to properly initialize N -body simulations with planets
residing in an ACR configuration, the periodic variations of the osculating orbital elements must be accounted for;
neglecting these corrections can result in large libration amplitudes when running N -body simulations. We do this by
constructing the canonical transformation from the variables of our resonance model to the canonical coordinates of
the un-averaged 3-body problem.
In order to construct our canonical transformation we begin by writing the full Hamiltonian of the planar 3-body
problem as
H(σi, Ii, Q, P ;L) =H0(Ii, P ;L) + H¯1(σi, Ii, P ;L) + H1,osc.(σi, Ii, Q, P ;L) (A6)
where
H0 =−
2∑
i=1
G2M˜2i m˜
3
i
2Λ2i
H¯1 =
Gm1m2
2pi
∫ 2pi
0
(
1
|r1 − r2| −
r1 · r2
r32
)
dQ
H1,osc. =Gm1m2
(
1
|r1 − r2| −
r1 · r2
r32
)
− H¯1 (A7)
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and  serves as a book-keeping parameter that we will set to unity after deriving the transformation to first order in
. We focus on constructing the transformation for phase space points in the vicinity of an ACR. We adopt the vector
notation z = (σ1, σ2, I1, I2) and define an equilibrium point z¯eq(P0) as a point that satisfies
∇z
[
H0(z¯eq, P0;L) + H¯1(z¯eq, P0;L)
]
= 0
We next transform to canonical variables δz = z− z¯eq and δP = P −P0 centered on the equilibrium configuration and
approximate the Hamiltonian by expanding in δz as
H=
1
2
δzT · ∇2z
[
H0 + H¯1
] · δz + (ωsyn + δz · ∇zωsyn) δP/k +  [H1,osc. + δzT · ∇zH1,osc.] (A8)
where ωsyn ≡ k ∂H0∂P is the synodic frequency n2 − n1 and we have dropped constant terms from Equation (A8). We
next perform a symplectic linear transformation
w = S−1 · δz (A9)
to new canonical variables w = (w1, w2, w˜1, w˜2) where wi are the new coordinates and w˜i are the conjugate momenta.
The matrix S satisfies
S−1 · (Ω · ∇2z [H0 + H¯1]) · S = D
ST · Ω · S = Ω (A10)
where D is a diagonal matrix of the form D = diag(iω1, iω2,−iω1,−iω2). We choose S so that the components of w
satisfy w˜i = −iw∗i . After the canonical change of variables, Hamiltonian (A8) transforms to
H(w, δP,Q) = i
2∑
i=1
ωiwiw˜i + (ωsyn + w · ∇wωsyn) δP/k +  [H1,osc.(z¯eq, Q) + w · ∇wH1,osc.(Q)] (A11)
where ∇w = ST · ∇z. This transformation puts the Hamiltonian in the form of a perturbed pair of harmonic
oscillators with frequencies ωi and allows us to apply canonical perturbation theory to construct the transformation
from osculating to mean variables below. To construct the transformation from δz to w, we evaluate the matrix
Ω · ∇2z
[
H0 + H¯1
]
by means of automatic differentiation and then numerically determine its eigenvectors in order to
calculate the matrices S and D.
We now construct a canonical transformation (w, δP,Q) → (w¯, δP¯ , Q¯) by means of a canonical Lie transformation
(e.g., Morbidelli 2002) in order to eliminate the dependence of the Hamiltonian on Q to first order in . The trans-
formation is generated by the function χ1(w¯, δP¯ , Q¯) so that (w, δP,Q) = exp [Lχ1 ](w¯, δP¯ , Q¯) where Lχ1 = {·, χ1} is
the Lie derivative with respect to χ1, i.e., the canonical Poisson bracket of a given function of phase-space coordinates
and the function χ1. We will solve for χ1 so that Hamiltonian (A11) is transformed to
H¯(w¯, δP¯ , Q¯)≡ exp [Lχ1 ]H(w¯, δP¯ , Q¯) = i
2∑
i=1
ωiw¯i ¯˜wi + (ωsyn + w¯ · ∇wωsyn) δP¯ /k +O(2) . (A12)
Expanding Equation (A12) and collecting terms that are first order in , we obtain the following equation for χ1:
8
i
2∑
i=1
ωi
(
¯˜wi
∂χ1
∂ ¯˜wi
− w¯i ∂χ1
∂w¯i
)
+
1
k
(ωsyn + w¯ · ∇wωsyn) ∂χ1
∂Q¯
+H1,osc. + w¯ · ∇w¯H1,osc. = 0 . (A13)
Inserting the ansatz solution
χ1(Q¯, w¯i, ¯˜wi) = G(Q¯) +
∑
i
w¯iFi(Q¯) + ¯˜wiF˜i(Q¯) (A14)
8 Since P¯ is a conserved quantity of resonant Hamiltonian, P −P0 will be O(). The term (δP/k) {w¯ · ∇wωsyn, χ1}, is therefore omitted
from Equation (A13) as it is O(2)
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for χ1 into Equation (A13) we have
ωsyn
k
dG(Q)
dQ
=H1,osc.(z¯eq, Q) (A15)
ωsyn
k
dFi(Q)
dQ
=
∂H1,osc.(Q)
∂wi
− 1
k
∂ωsyn
∂wi
dG(Q)
dQ
+ iωiFi(Q) (A16)
and F˜i = −iF ∗i . To solve for Fi, we Fourier decompose Fi and H1,osc. as Fi =
∑
l Fˆi,l exp[ilQ] and[
∂
∂w¯i
− ∂ lnωsyn
∂w¯i
]
H1,osc.(z¯eq, Q) =
∑
l
Xˆi,l exp[ilQ] .
We use an FFT algorithm to compute the amplitudes Xˆi,l and then compute solutions for F1(Q) and F2(Q) as Fourier
sums with amplitudes
Fˆi,l =
−ik
lωsyn − kωi Xˆi,l . (A17)
We convert the canonical variables of ACR equilibrium solutions of the resonance Hamiltonian to the canonical
variables of the un-averaged 3-body problem which are then, in turn, used to compute the osculating orbital elements
of planets in the ACR configuration. To first order in , this is achieved by evaluating the function x¯ 7→ x = x¯+{x¯, χ1}
at the phase space point (w¯, δP¯ , Q¯) = (0, 0, Q) for any dynamical variable or function of dynamical variables, x, of
interest. For a given ACR equilibrium solution of the resonance Hamiltonian, z¯eq(P0), Equations (A9), (A14), and
(A15), give the solutions
P (Q) =P0 +
{
δP¯ , χ1
}
w¯=0
= P0 +
k
ωsyn
H1,osc.(z¯eq, Q) (A18)
z(Q) = z¯eq + {δz¯, χ1} = z¯eq + S · Ω ·

F1(Q)
F2(Q)
−iF ∗1 (Q)
−iF ∗2 (Q)
 (A19)
for osculating canonical variables which can then be used to compute planets’ osculating orbital elements. Figure 10
shows an example of osculating elements computed as a function of Q using the transformations given in Equations
(A18) and (A19) for a pair of Jupiter-mass planets in a 3:2 ACR. Numerical routines for reproducing Figure 10 as
well as computing the transformation from mean to osculating variables for different resonances, planet masses, and
normalized AMD values are available online at github.com/shadden/ResonantPlanetPairsRVModeling.
B. VALIDITY OF TWO-KEPLERIAN APPROXIMATION
While our full model utilizes N -body integration to synthesize radial velocity signals, the ACR model relies on
approximating the RV signal as the sum of two independent signals generated by two planets on strictly Keplerian
orbits. Gravitational interactions between the planets cause their orbits to deviate from perfect Keplerian ellipses and
modify the RV signal. Here we briefly explore the consequences of these effects on the accuracy of our ACR model for
the planets’ RV signal.
The most important consequence of resonant planets’ gravitational interactions is that they induced periapse pre-
cession at a constant rate. (The periodic variations of the osculating elements described above in Section A.2 have
minimal influence on the RV signal.) Due to this precession, the average value of resonant planets’ period ratio deviates
slightly from the nominal resonant value. For example, if HD 45364 b and c are in a 3:2 ACR, they will have orbital
periods such that 3λ˙c − 2λ˙b is equal to the mean apsidal precession rate, $˙b = $˙c, rather than 0. This ensures that
the average values of the resonant angles remain fixed at their equilibrium values. We have ignored this effect in our
two-Keplerian approximation and instead set planets’ period ratios to their nominal resonant ratio. We also treat
planets’ longitudes of periapse as constant.
Figure 11 plots the difference between RV signals of planets in an ACR configuration computed with the fixed
Keplerian approximation versus the RV signals of planets in ACR configurations computed by N -body integration.
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Figure 10. Difference between osculating orbital elements and mean orbital elements computed from the canonical variables of
our resonance model Hamiltonian as a function of Q for a pair of planets with m1 = m2 = 10
−3m0. Black dashed lines show ana-
lytic predictions computed using Equations (A18) and (A19) while results of an N -body integration are shown as colored points.
The N -body integration was initialized by setting the planets’ orbital elements to the analytically-computed osculating elements
for Q = 0 and integrated until Q = 2pi. The particular ACR configuration shown corresponds to D = 0.22. Numerical routines
for reproducing this figure as well as computing the transformation from mean to osculating variables for different resonances,
planet masses, and normalized AMD values are available online at github.com/shadden/ResonantPlanetPairsRVModeling.
We utilize the transformations from mean to osculating elements described in Section A.2 in order to intialize the N -
body simulations with planets in ACR configurations. Figure 11 shows that, at the time of the originally reported RV
observations, differences between N -body and double-Keplerian models are small and should not affect our conclusions,
given that the median RV measurement uncertainty, including the inferred jitter, is ∼2 m/s for HD 45364 and ∼8 m/s
for HD 33844.
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Figure 11. Comparison between RV signals of resonant configurations computed using N -body integrations versus a double-
Keplerian approximation. For each system, the top panels show the velocity predicted via N -body minus the velocity predicted
by the double-Keplerian model for 1000 random draws from the MCMC posterior fit. The shading indicates the regions
containing 68%, 95%, and 99.7% (1,2, and 3σ) of the samples’ velocity differences as a function of time. The shaded blue regions
indicate the time spanned by the observational data reported by Correia et al. (2009) for HD 45364 and Wittenmyer et al.
(2016) for HD 33844. The bottom-left panels show scatter plots of the χ2 value computed with N -body integrations versus the
χ2 computed when the double-Keplerian model is used. The right panels illustrates the precession of the planets’ eccentricity
vectors. The fixed eccentricity and ω values assumed by the double-Keplerian model are plotted as points with a line showing
precession of the eccentricity vectors over the course of the plotted time frame. Parameters of the two-Keplerian ACR models
are converted to an N -body simulation assuming the planets are coplanar in an i = 90◦ edge-on configuration. Planets’ orbital
elements are translated from the mean elements of the ACR model to osculating elements in the N -body simulations using the
procedure described in Appendix A.
